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Abstract: The problem of the robust digital controller design to solve a tracking problem
for Euler angles of aircraft motion is studied. The design method based on the formation of
two-time scale motions in the closed loop system is used. A resulting output feedback digital
controller has a simple form of a combination of three low-order linear dynamical discrete-
time systems and a matrix whose entries depend non-linearly on certain known process
variables. Assuming a small sampling period, robust decoupled output tracking with desired
continuous-time dynamics is accomplished under conditions of incomplete information about
varying parameters of the system and unknown external disturbances. Copyright c©2000
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1. INTRODUCTION

The design of aircraft control system (Wise, 1995) for
large, simultaneous longitudinal and lateral maneu-
vers as well as control of an aircraft at high angles
of attack are interesting but - due to the complex-
ity caused by the presence of nonlinearities, cross-
coupling effects, disturbances and the system parame-
ter variations - complicated control problems. In gen-
eral, the goal of the design of an aircraft control system
is to provide decoupling (Lane and Stengel, 1988;
Wells and Singh, 1990), i.e. each output should be
independently controlled by a single input, and to
provide desired output transients under assumption of

1 The work of V.D. Yurkevich was supported in part by a grant
from the Russian Ministry of Education, and that of M. Błachuta
and K. Wojciechowski by a grant from the (Polish) Committee for
Scientific Research KBN.

incomplete information about varying parameters of
the aircraft model and unknown external disturbances.

Recently, attempts have been made to design con-
trollers for uncertain nonlinear systems using Vari-
able Structure Systems (VSS) theory (Slotine and Li,
1991). Control laws that are based on the Non-linear
Inverse Dynamics (NID) method theoretically offer
the potential for providing improved levels of perfor-
mance over conventional flight control designs in the
extreme flight conditions (Lane and Stengel, 1988;
Balas et al., 1992; Reiner et al., 1995; Snell et al.,
1990). The shortcoming of this approach is the as-
sumption that the dynamics of the system are exactly
known.

An algorithmic approach to solution of the inverse dy-
namics problem should be used under condition of in-
complete information about varying parameters of the

kirova27
Текст
Yurkevich V.D., Blachuta M.J., and Wojciechowski K. “Design of the universal digital flight controller for an aircraft with not exactly known parameters”. Proc. of the 3rd IFAC Symposium on Robust Control Design (ROCOND-2000), Prague, Czech Republic, 21-23 June 2000, Vol.2.



aircraft model and unknown external disturbances. For
example, a solution of the inverse dynamics problem
based on the Gradient Descent Method (GDM) has
been discussed in (Batenko, 1977; Petrov and Krutko,
1981).

Another way of the algorithmic solution of the inverse
dynamics problem under condition of incomplete in-
formation about varying parameters of the aircraft
model and unknown external disturbances is the ap-
plication of the Localization Method (LM) (Vostrikov,
1977, 1990; Vostrikov and Yurkevich, 1991, 1993),
which allows to provide the desired transients for non-
linear time-varying systems. The peculiarity of LM
is the application of higher order derivatives jointly
with a high gain in the control law. Methods of singu-
larly perturbed equations are used in LM to analyze
the closed loop system properties. The synthesis of
an aircraft motion control systems based on LM was
presented in (Yurkevich et al., 1991).

In the present paper the so called Dynamic Contrac-
tion Method (DCM) is applied which is a general-
ization and further development of LM (Yurkevich,
1995a,b). At the same time, the proposed approach
can also be seen as a generalization of GDM. In par-
ticular, the structure of the control law discussed here
follows from a higher order optimization procedure
(Tsypkin, 1968). A distinguishing feature of both LM
and DCM is, as opposed to VSS, that the motion of
the system is insensitive to parameter variations and
disturbances in a bounded set of the entire state-space.
As opposed to LM, DCM allows an integral action to
be incorporated in the control loop without increasing
the controller’s order.

Digital controllers design methods are usually related
to the purely discrete-time systems. The adaptive con-
trol methods (Åström, 1983), control systems with
sliding mode (Slotine and Li, 1991), LM (Fehrmann et
al., 1989) and discrete-time version of DCM (Yurke-
vich, 1995a) may be used to solve discrete-time con-
trol problems under conditions of incomplete infor-
mation. In the case of continuous-time plants the first
step to be done when using the above methods is
the plant discretization, which is a great disadvantage
particularly for non-linear plants. Moreover, since dis-
cretization does not preserve the relative order of the
underlying continuous-time system, the solutions do
not converge to the continuous-time ones when the
sampling rate increases.

In this paper, an approach is used (Yurkevich, 1999a,b)
that bases on limiting properties of discrete-time
model (Åström et al., 1984; Błachuta, 1999) of the
control loop and takes continuous-time issues into ac-
count.

The paper is a continuation of (Błachuta et al., 1997;
Yurkevich et al., 1998; Błachuta et al., 1999) and is
organized as follows. First, a model of the aircraft
motion is defined, next a background of the discussed
method is summarized, and finally the universal digi-
tal control law is presented.

2. AIRCRAFT CONTROL PROBLEM

2.1 Aircraft model

Assuming that an airplane is a rigid body with six
degrees of freedom, the state of aircraft motion is de-
fined by twelve coordinates. The following state vec-
tor is adopted: [v′,ω′,ϕ′,p′]′ where v = [u, v, w]′,
ω = [p, q, r]′, ϕ = [θ, φ, ψ]′, p = [x, y, z]′ are,
respectively, the velocity vector, the angular velocity
vector, the vector of Euler angles and the inertial po-
sition vector. Here u, v, w and p, q, r are projections
of velocity and angular velocity onto the xs, ys and
zs axes of the body axis system, respectively; see
(Stevens and Lewis, 1992; Vukobratović and Stojić,
1988) for the meaning of Euler angles, velocities and
coordinate systems.

The system of state equations is as follows:

v̇ = Ω(ω)v + Dsg(θ, φ, ψ)g + γδc

+
1

2m
ρv2
αDsa(α, β)Sc(α, β,ω) (1)

ω̇ =−J−1Ω(ω)Jω

+
1

2m
ρv2
αJ−1Dsa(α, β)SLm(α, β,ω, δu) (2)

ϕ̇ = T ω(θ, φ)ω (3)

ṗ = D′
sg(θ, φ, ψ)v (4)

with

Ω(ω) =


 0 −r q

r 0 −p
−q p 0


J =


 Jx 0 Jxz

0 Jy 0
Jxz 0 Jz




S = diag(Sx, Sy, Sz), L = diag(Lx, Ly, Lz)

c = [cx, cy, cz]′

and m = [mx,my,mz]′. Here δu = [δh, δv, δl]′, is
a vector of control signals consisting of an aileron
displacement δl, an elevator command δh and a rudder
deflection δv; α denotes an angle of attack and β

denotes a side slip angle.

Denoting the velocities

v = [u, v, w]′, vα = [vαx, vαy, vαz]′

and the wind velocity vw = [vwx, vwy, vwz]′ then
the relationships between the angles α, β, and the
velocities v, vw and vα are given as follows:

vα = v − Dsgvw



α = arctan(vαz/vαx)
β = arcsin(vαy/vα)

vα = (v2
αx + v2

αy + v2
αz)

1
2 .

The transformation matrices Dsg(θ, φ, ψ), Dsa(α, β)
and T ω(θ, φ) are defined as follows:

Dsg(θ, φ, ψ) = (5)
 cθcψ cθsψ −sθ
sφsθcψ − cφsψ sφsθsψ + cφcψ sφcθ
cφsθcψ + sφsψ cφsθsψ − sφcψ cφcθ




T ω(θ, φ) =


 0 cφ −sφ

1 sφsθ/cθ cφsθ/cθ
0 sφ/cθ cφ/cθ


 (6)

Dsa(α, β) =


 cαcβ −cαsβ −sα

sβ cβ 0
sαcβ −sαsβ cα


 , (7)

where s and c’ are abbreviations of sin’ and ’cos’.

It is assumed that the aerodynamic moment and force
coefficients depend on the angle of attack and the
sideslip angle, angular velocities ω and on control
surfaces deflections δu and can be expressed (Stevens
and Lewis, 1992) with sufficient accuracy as follows:

m(α, β,ω) =
1
vα

m0(ω) + m1(α, β) + M (α, β)δu

c(α, β,ω) =
1
vα

c0(ω) + c1(α, β) + C(α, β)δu.(8)

2.2 Aircraft control task

Although various problem statements are possible, in
the present paper the control task is stated as a tracing
problem for the Euler angles:

lim
t→∞[θ0(t) − θ(t)] = 0, lim

t→∞[φ0(t) − φ(t)] = 0

lim
t→∞[ψ0(t) − ψ(t)] = 0,

where θ0(t), φ0(t), ψ0(t) are the desired values of the
considered angles. In addition, we require that tran-
sient processes have desired dynamic properties, are
mutually independent and are independent of airplane
parameters and disturbances. Feedback data for the
regulator are three Euler angles θ(t), φ(t), ψ(t). Con-
trol signals are: an aileron displacement δl, an elevator
command δh and a rudder deflection δv.

2.3 Relative degree of aircraft model

We see that the second time derivatives of Euler angles
depend algebraically on control variables δh, δv, δl:

 θ(2)

φ(2)

ψ(2)


 =


 fθ(·)
fφ(·)
fψ(·)


 + B(·)


 δh
δv
δl


 , (9)

where fi(·) = fi(ϕ,v,ω,vw), i = θ, φ, ψ and

B(ϕ, α, β) =
1
2
ρv2
αT ωJ−1DsaSLM(α, β)

M(α, β) =


mh

x mv
x ml

x

mh
y mv

y ml
y

mh
z mv

z ml
z


 .

In normal flight conditions we have detB(·) �= 0 and
the values of functions | fi(·) |, i = θ, φ, ψ are
bounded.

3. PROBLEM STATEMENT

Let us consider a MIMO non-linear time-varying sys-
tem in the form

ẋ = f(t,x) + B(t,x)u, x(0) = x0 (10)

y = h(t,x). (11)

Here, t > 0 denotes time, y(t) is the output, y ∈ Rp,

x is the state, x ∈ Rn, x(0) = x0 is the initial state,
x0 ∈ Ωx, Ωx is a bounded set, Ωx ⊂ Rn,u(t) is the
control, u ∈ Ωu ⊂ Rp, p ≤ n and f(t,x), h(t,x),
B(t,x) are smooth for all (t,x) ∈ Ωt,x = [t,∞) ×
Ωx.

Assumption 1. Let as assume that a series connection
of a zero-order hold (ZOH) and the system in the
form (10), (11) takes place, where u(t) = uk, for
kT ≤ t < (k + 1)T, for a discrete input sequence
{uk}∞k=0.

The control system is being designed to provide the
following condition

lim
k→∞

ek = 0, (12)

where ek = e(t)|t=kT is the error of the reference
input realization, ek = rk − yk, yk = y(t)|t=kT
is the sampled output y(t), and rk = r(t)|t=k is
the sampled reference input. Moreover, the controlled
transients ek → 0 should have a desired performance
indices. These transients should not depend on an
external disturbances and varying parameters of the
system (10), (11), where the influence of the all exter-
nal disturbances w(t) is represented by dependence of
f(t,x), h(t,x) and B(t,x) of time t.

4. NON-LINEAR TIME-VARYING SYSTEM
WITH ZERO-ORDER HOLD

Let us assume that following (Porter, 1970), by dif-
ferentiating each component of the output vector in
expression (11) we obtain

y(m) = c∗(t,x) + B∗(t,x)u, (13)



where c∗ = {c∗1, . . . , c∗p}′. From (9) it follows that
in m = 2 the discussed plant model where m is the
relative degree of the system (10)-(11) with respect to
the output yi(t) where i = 1, p.

Assumption 2. The invertibility condition is satisfied
for the system (10)-(11) or, in other words, the condi-
tion (Porter, 1970) detB∗(t, x) �= 0 ∀ (t, x) ∈ Ωt,x is
satisfied.

Let us introduce a new time scale τ = t/T in (10) then

dx/dτ = T {f(·) + B(·)u}. (14)

Let us denote u = K0v and K0 = {B∗}−1

where v is the output of a zero-order hold. Then

dmy/dτm = Tm{c∗(·) + v}. (15)

If T → 0 then dx/dτ → 0 and x ≈ const, c∗ ≈
const. So, if the sampling period T is sufficiently
small then it may be assumed that at least during the
sampling period T the condition c∗(t,x) =const for
kT ≤ t < (k + 1)T is satisfied. Accordingly, as a
result of the Z-transform of (15) it follows that

yi,k =
Em(z)

m ! (z − 1)m
T m

{
c∗i,k + vi,k

}
, (16)

where yi,k = yi(t) t = kT , vi,k = vi(t) t = kT , c
∗
i,k =

c∗i (t,x(t)) t = kT and Ei(z) are Euler polynomials
(Frobenius, 1910; Sobolev, 1977)

El(z) = εl,1z
l−1 + εl,2z

l−2 + · · · + εl,l, (17)

εl,j =
j∑

ρ=1

(−1)j−ρρl
(
l + 1
j − ρ

)
, j = 1, l (18)

El(1) = l !, l = 1, 2, . . . (19)

Then for T small enough the behaviour of y i,k can be
approximately described by the difference equation

yi,k =
m∑
j=1

(−1)j+1

(
m

m− j

)
yi,k−j +

+Tm
m∑
j=1

εm,j
m !

{
c∗i,k−j + vi,k−j

}
. (20)

5. DESIRED DIFFERENCE EQUATIONS

Let the stable differential equation

y
(m)
i = Fi(yi, ri) (21)

follows from the continuous-time transfer function

Gdi (s) = adi,0/(s
m + adi,m−1s

m−1 + · · · + ai,0),(22)

where parameters of Gd
i (s) are selected based on

the required output transient performance indices of
yi(t). Here yi = [yi, . . . , y

(m−1)
i ]′ and ri = yi

at the equilibrium of (21). From (21), the following
reference model for the desired behaviour of the vector
y(t) results

y∗ = F (ȳ, r), (23)

where ȳ = {y1, . . . , y
(m−1)
1 , y2, . . . , y

(m−1)
p }′.

From the Z-transform of a series connection of a
zero-order hold and a continuous-time system with the
transfer functionGd

i (s) in the form of (22) the desired
stable difference equation

yi,k = Fi(Yi,k, Ri,k) (24)

follows, which can be rewritten in the form

yi,k =
αi∑
j=1

(−1)j+1

(
m

m− j

)
yi,k−j +

+TαiF̃i(Yi,k, Ri,k, T ) (25)

and ri,k = yi,k at the equilibrium for all i = 1, p.

6. INSENSITIVITY CONDITION AND
DECOUPLING OF THE CHANNELS

Let us denote eF = F (ȳ, r) − y∗ . Accordingly, if
the condition

eF = 0 (26)

is held then the desired behaviour of y(t) with pre-
scribed dynamics of (23) is fulfilled, where the ex-
pression (26) is the insensitivity condition of the out-
put transient performance indices with respect to the
external disturbances and varying parameters of the
system (10), (11). At the same time from the structure
of (21) it follows that the decoupling for all channels
is provided if the condition (26) takes place.

Assumption 3. Let as assume that stability or at the
least boundedness of the internal behaviour of the
system of (10)-(11) under condition (26) takes place.

Let us denote

eFi,k = Fi,k − yi,k, (27)

where Fi,k = Fi(Yi,k, Ri,k). Then the desired be-
haviour of yi,k is assured if and only if the following
holds

eFi,k = 0 (28)

for all k = 0, 1, . . . If (28) is met then the output
transient performance indices of yi,k are insensitive to



external disturbances, inherent dynamical properties
and parameter variations in the system (10)-(11).

7. CONTROL LAW STRUCTURE

The approach of Yurkevich (1995a) is used to design
the controller. To fulfil the requirement of (28) let us
form the control law in the form of the difference
equation

vi,k =
m∑
j=1

di,jvi,k−j + λi(T ) eFi,k, (29)

where i = 1, p, and

λi(T ) = T−mλ̃i, λ̃i �= 0 (30)

di,1 + di,2 + · · · + di,m = 1. (31)

Note, from (31) it follows that the equilibrium of (29)
is the solution of equation (28).

8. MAIN RESULTS

8.1 Fast motions in closed-loop system

From (27) and (25) it follows that the closed-loop
system eqns.(20), (29) may be rewritten in the form

yi,k =
m∑
j=1

(−1)j+1

(
m

m− j

)
yi,k−j +

+ Tm
m∑
j=1

εm,j
m !

{c∗i,k−j + vi,k−j} (32)

vi,k =
m∑
j=1

{di,j − λ̃i
εm,j
m !

}vi,k−j +

+ λ̃i{F̃i(Yi,k, Ri,k, T )−
m∑
j=1

εm,j
m !

c∗i,k−j}.(33)

In accordance with (14) and (11) it is easy to see that
in a new time scale τ if T → 0 then the decay rate of
output transients of (32) is decreased. Accordingly, the
fast and slow modes appear in the closed loop system
(32), (33) where a time-scale separation between the
fast and slow modes is represented by parameter T.

Theorem 1. If T → 0 then from (32), (33) it follows
that

vi,k =
m∑
j=1

βi,jvi,k−j + λ̃i{F̃i −
m∑
j=1

εm,j
m !

c∗i,k−j}(34)

is the fast-motion subsystem (FMS) equation of the
i-th channel, where c∗i,k − c∗i,k−j ≈ 0 and yi,k −
yi,k−j ≈ 0 ∀ j ≈ 1, qi and

βi,j = di,j − λ̃iεm,j{m !}−1 ∀ j = 1,m. (35)

8.2 Universal control law parameters

From (34) it follows the characteristic polynomial
AF MS

i (z) of FMS in the form

AF MS

i (z) = zm − βi,1z
m−1 − · · · − βi,m. (36)

For example, from the requirement

AF MS

i (z) = zm (37)

the parameters of the universal digital controller fol-
lows, where

di,j = εm,j{m !}−1 ∀ j = 1,m (38)

λ̃i = 1, i = 1, p. (39)

8.3 Slow motions in closed-loop system

Theorem 2. If FMS of (34) is in a steady state (more
precisely, in a quasi steady state), i.e.

vi,k − vi,k−j = 0 ∀ j = 1,m, (40)

then vi,k = vai,k, i = 1, p, where

vai,k = F̃i(Yi,k, Ri,k, T ) −
m∑
i=1

εm,j
m !

c∗i,k−j . (41)

Theorem 3. If T → 0 and the FMS of (34) is asymp-
totically stable then the SMS equation of y i,k in the
closed loop system (32), (33) is the same as (25).

Theorem 4. If T → 0 then vai,k − vai (t) t = kT → 0,
∀i = 1, p, where

vai (t) = {Fi(y(m−1)
i , . . . , yi, ri) − c∗i (t,x)}(42)

is the Nonlinear Inverse Dynamics problem solution.

9. CONCLUSIONS

It has been shown that if a sufficient time-scale separa-
tion between the fast and slow modes in the discussed
closed loop system and stability of FMS are provided
then SMS equation has the desired form and thus the
output transient performance indices are insensitive to
parameter variations of the system and external distur-
bances. Moreover, when the sampling rate increases
the control signal converges to the continuous-time
Nonlinear Inverse Dynamics problem solution.



References
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Åström, K.J., P.Hagander, and J.Sternby (1984). Zeros
of sampled systems. Automatica, 20, 31–38.

Balas, G., W. Garrard and J. Reiner (1992). Robust
dynamic inversion control laws for aircraft control.
In: Proc. of the AIAA Guidance, Navigation and
Control Conference, 192-205.

Batenko, A. P. (1977). Final state control of driven
plants, Moscow.

Błachuta, M.J., V.D. Yurkevich, and K. Woj-
ciechowski (1997). Design of analog and digital
aircraft flight controllers based on dynamic con-
traction method. In: Proc. of the AIAA Guidance,
Navigation, and Control Conference. New Orleans,
LA, 3, 1719-1729.

Błachuta, M.J. (1999). On zeros of sampled systems.
IEEE Trans. on Auto. Control, AC-44, 1229-1234.

Błachuta M.J., V.D. Yurkevich, and K. Wojciechowski
(1999). Robust quasi NID aircraft 3D flight control
under sensor noise. Kybernetika, 35, 637–650.

Fehrmann, R., W. Mutschkin, and R. Neumann
(1989). Entwurf und praktische Erprobung eines
digitalen PL-Reglers. Messen Steuern Regeln,
VEB Verlag Technik, Berlin, 32(2), 70–72.

Frobenius F.G. (1910). On Bernoulli numbers and
Euler polynomials. Sitzungsberichte der Königlich
Preußischen Akademie der Wissenschaften zu
Berlin, 809–847; also available in: F.G. Frobenius
(1968). Gesammelte Abhandlungen, J.-P. Serre, ed.,
III, Springer-Verlag, 440–478, (in German)

Lane, S., and R. Stengel (1988). Flight control design
using non-linear inverse dynamics, Automatica, 24,
471–483.

Petrov, B., and P.D. Krutko (1981). Synthesis of flight
control algorithms based on solutions of inverse
dynamics tasks. Izv. Acad. Nauk USSR. Tekhnich-
eskaya Kibernetika, No.2-3.

Porter, W.A. (1970). Diagonalization and inverses for
non-linear systems. In: Int. J. Contr., 11, 67–76.

Reiner, J., G. Balas and W. Garrard (1995). Robust
dynamic inversion for control of highly maneneu-
verable aircraft. AIAA Journal of Guidance, Control
and Dynamics, 18.

Snell, S., D. Enns and W. Garrard (1990). Nonlinear
inversion flight control for a supermaneuverable
aircraft. In: Proc. of the AIAA Guidance, Navigation
and Control Conference, 808–825.

Slotine J.-J. and W. Li (1991). Applied non-linear
control. Prentice Hall.

Sobolev, S.L. (1977). On the roots of Euler polynomi-
als. Dokl. Akad. Nauk SSSR. 235; English trans. in
Soviet Math. Dokl., 1977, 18, 935–938.

Stevens, B., and F. Lewis, (1992). Aircraft control and
simulation. Wiley.

Tsypkin, Ya.Z. (1968). Adaptation and learning in
automatic control systems. Nauka, Moscow.

Vostrikov A.S. (1977). On the synthesis of control
units of dynamic systems. Systems Science, Techn.
Univ., Wrocław, 3 (2), 195–205.

Vostrikov, A.S. (1990). Synthesis of nonlinear systems
by means of localization method. Novosibirsk State
University, Novosibirsk.

Vostrikov, A.S. and V.D. Yurkevich (1991). De-
coupling of multi-channel non-linear time-varying
systems by derivative feedback. Systems Science,
Techn. Univ., Wrocław, 17 (4), 21–33.

Vostrikov, A.S., and V.D. Yurkevich (1993). Design of
control systems by means of localisation method.
In: Preprints of 12-th IFAC World Congress, Syd-
ney, 1993, 8, 47–50.
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